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E-mail address: yangsqi@hotmail.com (S.Q. YangFractures in natural rocks have an important effect on the strength and failure behav-
ior of rock mass, which are often evaluated in rock engineering practice. The theoret-
ical evaluation of mechanical behavior of fractured rock mass has no satisfactory
answer due to the role of conﬁning pressure and crack geometry. Therefore, in this
paper, conventional triaxial compression experiments were carried out to study the
strength and failure behavior of marble samples with two pre-existing closed cracks
in non-overlapping geometry. Based on the experimental results of a number of triax-
ial compression tests, the effect of crack coalescence on the axial supporting capacity
and deformation property were investigated with different conﬁning pressures. The
results show that intact samples and ﬂawed samples (marble with pre-existing cracks)
have different deformation properties after peak stress, which change from brittleness
to plasticity and ductility with the increase of conﬁning pressure. The peak strength
and failure mode are found depending not only on the geometry of ﬂaw, but also
on the conﬁning pressure. The strength of ﬂawed samples shows distinct non-linear
behavior, which is in a better agreement with non-linear Hoek–Brown criterion than
linear Mohr–Coulomb criterion. For a kind of rock that has been evaluated as a
Hoek–Brown material, a new evaluation criterion is put forward by adopting optimal
approximation polynomial theory, which can be used to conﬁrm more precisely the
strength parameters (cohesion and internal friction angle) of ﬂawed samples. For intact
samples, the marble leads to typical shear failure mode with a single fracture surface
under different conﬁning pressures, while for ﬂawed samples, under uniaxial compres-
sion and a lower conﬁning pressure (r3 = 10 MPa), tests for coarse and medium marble
(the coarse and medium refer to the grain size) exhibit three basic failure modes, i.e.,
tensile mode, shear mode, and mixed mode (tensile and shear). Shear mode is associ-
ated with lower strength behavior. However, under higher conﬁning pressures
(r3 = 30 MPa), for coarse marble, the axial supporting capacity is not related to the
geometry of ﬂaw. The friction among crystal grains determines the strength behavior
of coarse marble. For medium marble, the failure mode and deformation behavior
are dependent on the crack coalescence in the sample. The present research provides
increased understanding of the fundamental nature of rock failure under conventional
triaxial compression.
 2008 Elsevier Ltd. All rights reserved.. All rights reserved.
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Rock is a kind of complex geological media, containing many ﬂaws such as the joints, ﬁssures, cracks, weak surfaces and
faults, etc. Failure in a rock mass can often take place along pre-existing joints and partly through the intervening intact rock.
The experimental, theoretical, and numerical investigations on the mechanical behaviors of fractured rock were greatly im-
proved due to intermittent structural characteristics of many rock engineering. In order to understand and explore the frac-
ture mechanism of various rock engineering, such as dam-base rock engineering, jointed rock slope project, nuclear waste
disposition project, etc., extensive studies (Nemat-Nasser and Horii, 1982; Bobet, 1997, 2000; Shen, 1993, 1995; Zhu
et al., 1998; Wong et al., 2001) have been investigated for the mechanical behaviors of pre-cracked materials (artiﬁcial mate-
rial and real rock material). The results have showed that the geometries of ﬂaws (such as ﬂaw length, ﬂaw angle, and lig-
ament length, etc.) in the rocks have an important inﬂuence on the strength, deformation and failure behaviors. Up to now,
the main experimental methods of previous studies on mechanical behaviors of pre-cracked material have included the fol-
lowing three kinds.
 Physical tests on model materials (rock-like materials) under uniaxial and biaxial compression.
 Numerical tests on model samples by some numerical software (such as RFPA2D, FROCK, etc.) in uniaxial compression (2D
model).
 Physical tests on real rock material in uniaxial compression.
The above ﬁrst experimental method is widespread because model sample is easy to fabricate. Model sample is fabricated
by a mixture of gypsum, cement, barite, and water with a different mass ratio to simulate and reﬂect the mechanical behav-
ior of real rock material. By inserting mica, paper or thin steel disc, etc., the open or closed ﬂaws (the term ﬂaw will be used
from now on for pre-existing cracks) are pre-fabricated to investigate the initiation, propagation, and coalescence behavior of
cracks in model materials in 2D conditions. Nemat-Nasser and Horii (1982) investigated the mechanisms of crack interac-
tions and failure modes in ﬂaw plates (model material) under uniaxial and biaxial compression, which showed that ﬂaw
length is one of the parameters controlling the failure mode of sample. Bobet (1997, 2000), Bobet and Einstein (1998),
Zhu et al. (1998), Wong and Chau (1998), Vasarhelyi and Bobet (2000) have investigated the 2D cracks propagation and coa-
lescence on rock-like materials containing two inclined open or closed ﬂaws. Fig. 1 showed typical three main modes of 2D
crack coalescence in two ﬂawed samples under uniaxial compression by Wong and Chau (1998). Under uniaxial and biaxial
conditions, the experimental investigation of coalescence of two non-overlapping ﬂaws has conﬁrmed the well-established
behavior. It has also revealed many important new physical phenomena (Bobet and Einstein, 1998). Wing cracks occurred at
ﬂaw tips as was well known. But these wing cracks shifted toward the middle of the ﬂaws and did not occur as conﬁning
stresses increased. Wong et al. (2001) investigated experimentally crack coalescence and peak strength of model materials
containing three parallel fractional ﬂaws. The results showed that the mechanisms of 2D cracks coalescence depended on the
ﬂaw arrangement and the frictional coefﬁcient on the ﬂaw surface. Prudencio and Van Sint Jan (2007) presented the results
of biaxial tests on physical models of rock with non-persistent joints. Tests showed three basic failure modes: failure through
a planar surface, stepped failure, and failure by rotation of new blocks. Planar failure and stepped failure were associated
with high strength, and small failure strains, whereas rotational failure was associated with a very low strength, ductile
behavior, and large deformation. In reality, pre-existing ﬂaws are usually three-dimensional (3D) in nature. Therefore the
growth mechanisms of 3D crack is nearer to rock engineering practice, but the mechanism of 3D crack growth is more com-
plicated (Germanovich and Dyskin, 2000) than that of 2D crack growth. Huang and Wong (2007) performed a series of uni-
axial compressive tests on the frozen PMMA (polymethyl methacrylate) with pre-existing 3D cracks. Based on the test
results, the mechanisms of crack propagation and coalescence in brittle materials were investigated. It was found that for
3D surface cracks, the interactions of cracks affected crack growth and extension in two aspects, i.e., the interaction either
prompting crack extension or restraining it. The mechanism of crack interaction depends mainly on the location of cracks inFig. 1. Three main modes of 2D crack coalescence in two ﬂaw samples under uniaxial compression (Wong and Chau, 1998).
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shear-dilatancy (Li et al., 2005), it is very difﬁcult to simulate all behaviors of real rock materials with abundant meso-
structures.
With the rapid development of computational techniques, some two-dimensional numerical software (such as RFPA2D
and FROCK, etc.) have been developed and numerical tests can be carried out to investigate the initiation, propagation,
and coalescence of 2D cracks. The RFPA2D was developed by the Center for Rock Instability and Seismicity Research
(CRISR) of the Northeastern University in China (Tang, 1997), which was a progressive elastic-brittle statistical damage
model by the Weibull distribution function of both element strength and element modulus. It can be used to simulate
the non-linear deformation, stress distribution, the initiation, and growth of cracks and fractures in heterogeneous mate-
rials (Tang and Kou, 1998; Tang et al., 2001; Li et al., 2005). Some main numerical test results on the coalescence of
cracks can be summarized as follows. Tang and Kou (1998) carried out uniaxial and biaxial compression on numerical
model samples containing a number of large, pre-existing ﬂaws and a row of suitably oriented smaller ﬂaws by RFPA2D
code. The uniaxial and biaxial numerical results showed that the crack growth is stable and stops at some ﬁnite crack
length with the increase of conﬁning pressure; while a lateral tensile stress with even a small value will result in an
unstable crack growth after a critical crack length is attained. Tang et al. (2001) conducted numerical investigations
on samples of rock-like material containing three ﬂaws in uniaxial compression to investigate failure mechanism and
crack coalescence modes by RFPA2D. The numerical results replicated most of the phenomena observed in actual exper-
iments, such as initiation and growth of wing and secondary cracks, crack coalescence, and the macro-failure of the sam-
ple. The results obtained in the simulations are in good agreement with experiments presented by Wong et al. (2001).
Even though RFPA2D leads to realistic simulations of the breakdown process, it has some limitations (Yuan and Harrison,
2006). The main limitation is difﬁcult to reﬂect the transition of stress–strain response from softening to hardening, dif-
ferent failure mechanisms, the form of the ultimate fracture pattern, and dilatancy deformation response. Using the dis-
placement discontinuity method, FROCK, Vasarhelyi and Bobet (2000) have modeled the crack initiation, propagation and
coalescence between two bridged ﬂaws in gypsum under uniaxial compression. Results reproduced the types of coales-
cence observed in the physical experiments, and predicted an increase in coalescence stresses with ligament length.
Although above-mentioned numerical results by software can better reproduce some phenomena of 2D crack coalescence
observed in physical tests, the numerical sample with pre-cracked model still belongs to the plane strain or plane stress
(i.e., 2D problems), which has been proved many differences with real rock materials containing many initial defects such
as grain boundaries, microcracks and pores, etc.
Besides physical tests on model materials and numerical tests on model samples, some real rock samples have also been
carried out the physical tests to investigate the behaviors of pre-cracked rock materials. The real rock samples were usually
made to thin slices with some slots for the purpose of scanning electron microscope (SEM) study. Zhao and Liang (2004),
Zhao and Yang (2005) have investigated the initiation, coalescence and recovery of microcracks in plate marble and lime-
stone samples (the size is about 25 mm  12 mm  2 mm) subjected to uniaxial compression by real-time scanning electron
microscope observation. But fewer experiments were performed for real macroscopic rock samples with pre-existing ﬂaws.Fig. 2. Specimens of Shirahama sandstone having an inclined slit with varied inclination: (a) ss30-1, (b) ss30-2, (c) ss45-1, (d) ss45-2, (e) ss60-1, (f) ss60-2,
(g) ss75-1, (h) ss75-2. Photographs except for (d) are reversed (Fujii and Ishijima, 2004).
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imen surface or an inclined initial fracture from the specimen surface. The size of sandstone sample is
120 mm  60 mm  60 mm, and an inclined slit (open ﬂaw) of 1 mm in thickness and 20 mm in length was introduced.
The experimental results (Fig. 2) showed the crack from the inclined slit from the sample surface grew at a small angle
to the initial direction and curved slightly toward the free surface in all cases for sandstone samples. Moreover, no clear rela-
tion was observed between the load at which the main fracture initiated and the inclination of the slit. Li et al. (2005) carried
out the uniaxial compression experiment on pre-cracked marble (the size is about 110 mm  62 mm  25 mm), to investi-
gate the propagation and coalescence of pre-existing cracks in marble samples, and the characters of acoustic emission (AE)
of pre-cracked marble samples. Two types of newborn cracks are observed: wing (tensile) cracks and secondary (shear)
cracks. Both types of cracks initiate from the tips of the fractures and propagate in a stable manner. However the conﬁning
pressure is not taken into account in above-mentioned test studies for real rock material, moreover, the relation between the
strength parameters (cohesion and internal friction angle) of real rock material and the geometry of ﬂaw has not been
involved.
Up to now, some physical experiments on real rock materials have been performed in previous studies, but the
strength behaviors of pre-cracked rock materials have not been fully investigated, and the fundamental mechanisms
of crack coalescence in real rock materials with conﬁning pressures are still not fully understood. Therefore, we have
carried out the experimental investigation on real marble samples under conventional triaxial compression. The
emphasis of this research is focused on to investigate the inﬂuence of the geometry of ﬂaw on strength parameters
of marble material, to put forward a new evaluation criterion of conﬁrming the cohesion and internal friction angle
of pre-cracked marble, to analyze the crack initiation, propagation and coalescence in real marble material under dif-
ferent conﬁning pressures.
2. Experimental methodology
2.1. Marble material
In order to investigate the mechanical behavior of rock with two pre-existing closed cracks, the marble material located in
the midland ground of China was chosen for the experimental study in this research. The marble has a crystalline and blocky
structure, which is macroscopically very homogeneous with average unit weight about 2704 kg/m3.
The minerals in the marble specimens are mainly calcite, dolomite, and magnesite, and the chemical components are
mainly Ca and Mg. The tested marble samples are classiﬁed into two categories based on the crystal size, i.e., ‘‘medium mar-
ble” and ‘‘coarse marble”.
For the mediummarble, the crystal size range in 1.0  4.0 mm (1.5 mm in average), while for the coarse marble, the crys-
tal size range is 4.0–6.0 mm (5.0 mm in average). The average crystal size of the marble was determined by optical micro-
scope and SEM. The crystal size of medium marble is very non-uniform, resulting in a greater hardness, compared to the
coarse marble, which has been submitted to higher recrystallization in shorter time. As a consequence, the average velocity
of P-wave of medium marble is about 5101 m/s, while coarse marble is only 4507 m/s (Yang et al., 2003).
2.2. Pre-cracked sample preparation
In this research, a total of 70 marble samples were prepared to carry out uniaxial and conventional triaxial compression
tests (the conﬁning pressure equaled to 0, 5, 10, 15, 20, 30, 35, 40 MPa). The samples were drilled from six rectangular blocks.
When drilling, we machined the marble samples along the same direction in order to avoid the inﬂuence of anisotropy on the
experimental results of marble. At the same time, machined marble samples were observed and carefully selected to pre-Fig. 3. Some intact machined medium and coarse marble samples and respective fracture surfaces.
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were carried out in natural and dry conditions.
In accordance with the method suggested by the ISRM (Fairhurst and Hudson, 1999), the length to diameter ratio of
tested sample should be in the range of 2.0–3.0 in order to minimize the inﬂuence of the end friction effects on the testing
results. Therefore, the size of all tested marble samples is cylindrical with 50 mm in diameter and 100 mm in length. As a
result, all tested sample with the length to diameter ratio of 2.0 ensure a uniform stress state within the samples. The
strength behaviors of samples under conventional triaxial compression tests were also determined according to the method
suggested by the ISRM. Some intact machined marble samples are shown in Fig. 3, in which the comparison on the crystal
size between medium and coarse marble is also given.
The geometry of ﬂawed sample is described in Figs. 4 and 5. The ﬂaw length is 2a, ﬂaw angle (the angle of ﬂaw with the
direction of the maximum compressive stress) is a, ligament angle (the angle of the line connected between two internal
ﬂaw tips with the direction of the conﬁning pressure) is b, and ligament length (the distance between two internal ﬂaw tips)
is 2b. To simplify the present analysis, the ﬂaw length 2a and ligament length 2b are ﬁxed at 24 and 33 mm, respectively.50mm
Pre-existing 3-D closed 
flaw pattern in 
non-overlapping geometry 
Initial 3D 
flaw 
100mm
2 sina α
Pre-existing 3-D closed flaw 
thickness is about 0.3~0.5mm
Fig. 4. Flawed marble sample in non-overlapping geometry.
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Fig. 5. Geometry of ﬂaws in the ﬂawed sample.
Fig. 6. Four types of geometries of ﬂaws of marble, in which Type A is intact sample; however Types B–D are all ﬂawed sample with different pre-existing
ﬂaws.
Table 1
Pre-existing crack geometries of ﬂawed marble samples
Marble type Flaw geometry a/ b/ 2a/mm 2b/mm r3/MPa
Coarse marble Type A N/A N/A N/A N/A 0–30
Type B 30 38 24 33 0–30
Type C 45 61 24 33 0–30
Type D 60 75 24 33 0–30
Medium marble Type A N/A N/A N/A N/A 0–40
Type B 30 38 24 33 0–30
Type C 45 61 24 33 0–30
Type D 60 75 24 33 0–30
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0.3–0.5 mm. At the same time, the gypsum was chosen to ﬁll into the ﬂaw of samples in order to form the closed ﬂaws (Dai,
2006), which resulted from that the gypsum could be regarded as a weak material (Bobet and Einstein, 1998). The mechan-
ical parameters of this gypsum in this research are as follows: elastic modulus is 1.2 GPa, uniaxial compressive strength
(UCS) 6 MPa, and Poisson’s ratio 0.31.
In order to investigate the effect of pre-existing crack geometry on the strength and deformation behavior of marble un-
der different conﬁning pressures, four types of geometries of ﬂaws (Fig. 6) were chosen in this study. Detailed description for
marble samples with different ﬂaw geometries was listed in Table 1.
2.3. Experimental procedure
Uniaxial and conventional triaxial compression experiments for intact and ﬂaw marble samples were carried out on a
rock servo-controlled system with the maximum loading capacity of 2000 KN and the maximum displacement capacity
of 25 mm. This servo-controlled system can test samples in load or displacement control while the data from LVDT (linear
variable displacement transducer) are recorded and analyzed in real time. Before applying the axial loads, the conﬁning pres-
sure was ﬁrst applied to the sample at a constant rate of 0.5 MPa/s, which ensured that the sample was under uniform hydro-
static stresses. And then, the axial deviatoric stress began to impose the surface of rock sample at the 0.002 mm/s
displacement control rate until the failure took place.
In this research, we measured the axial force with the loading capacity of 1000 KN and the axial deformation with
the displacement capacity of 5 mm. During the whole uniaxial and triaxial compression experiments, loads and defor-
mations of the tested marble samples were recorded simultaneously. Moreover, two rigid steel cylinders (50 mm in
diameter and 20 mm in length) were placed between the loading frame and rock sample, which decreased distinctly
the inﬂuence of the end friction effects on the testing results of marble samples with the length to diameter ratio
2.0 (Yang et al., 2005a,b).
3. Triaxial experimental results of pre-cracked marble
3.1. Triaxial stress–strain curves and brittle–ductile transition mechanism of intact marble
Typical axial stress–axial strain curves for intact coarse and medium marble (Type A) are shown in Figs. 7 and 8, respec-
tively, in which the denoted number is the conﬁning stress, MPa. In accordance with Figs. 7 and 8, we can conclude that the
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compressive strength) of intact sample increase gradually with the conﬁning pressure.
For intact coarse marble shown in Fig. 7, the post-peak deformation changes gradually from softening to hardening. When
r3 equals approximately to 30 MPa, the deformation of the sample comes out distinct yielding platform and the plastic
ﬂow takes place, i.e., the post-peak deformation behavior of the sample changes into ideal plasticity. At this time, the cor-
responding r3 = 30 MPa can be called TCP (transition conﬁning pressure). However, when r3 is lower than TCP, the stress–
strain curve displays a point of TCS (triaxial compressive strength). This BDT (brittle–ductile transition) r3 of intact coarse
marble happens at about 30 MPa. The ratio of TCP to the average value of UCS (uniaxial compressive strength) is 0.43.
For intact medium marble shown in Fig. 8, triaxial experimental curves have some similarity and some differences as
those shown in Fig. 7. Even though no distinct yielding platform under tested maximum r3 = 40 MPa, the samples that
showed brittleness under lower r3 changes into plasticity and ductility under higher r3. Moreover we can ﬁnd that
the mechanical parameters of intact mediummarble are higher than that of intact coarse marble at the same conﬁning pres-
sure. Besides, in accordance with Fig. 7, it can be seen that the Young’s modulus of intact coarse marble increases with the
conﬁning pressure, while the Young’s modulus of intact mediummarble according to Fig. 8 appears to be independent of the
conﬁning pressure. However, intact medium marble shows more non-linear deformation before peak stress and more brit-
tleness after peak stress than intact coarse marble.
The mechanism on the brittle–ductile transition of intact marble sample shown in Figs. 7 and 8 can be made a qualitative
discussion as follows. For intact marble material, it is homogeneous from the macroscopic view, but strongly heterogeneous
at the mesoscopic scale. Macroscopic fracture phenomenon may be regarded as the average effect of much mesoscopic fail-
ure and heterogeneous mesoscopic failure can be described by probability and statistics theory such as Weibull et al. distri-
bution, (Xie and Gao, 2000; Wong et al., 2006). Thus, we can believe that mesoscopic element material can be regarded as a
random variable and distributes randomly in the rock sample. Moreover, the mesoscopic element material may be thought
as the synthetical result of many factors such as the ratio of mineral constituent, size of grain, behavior of agglutinate and
distribution of ﬂaw in the rock, etc. (Zhu and Tang, 2004; Yuan and Harrison, 2006). Therefore the strength and stiffness of
mesoscopic element material in the sample varies strongly from one element to another.
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stiffness reach ﬁrstly its maximum supporting capacity, yield softening, and produce plastic deformation during the yielding
of sample. But after the macroscopic stress–strain response of tested marble sample reaches the peak stress, the mesoscopic
material elements with high strength and stiffness will unload due to not reaching its maximum supporting limit, for the
moment, the plastic deformation in the sample does not tend to uniform. Therefore with the decreasing of macroscopic axial
deviatoric stress, the plastic deformation initiated further will concentrate on those failed mesoscopic material elements
with low strength and stiffness, which results in a localized deformation. As a result, the samples under lower conﬁning pres-
sures show a softening behavior.
Under higher conﬁning pressures, the mesoscopic material elements with low strength and stiffness reach ﬁrst its max-
imum supporting capacity, yield softening and produce the plastic deformation. Afterwards, if we want to make the sample
to fail macroscopically, the axial stress must be increased continuously. Thus, when the macroscopic stress–strain response
of tested marble sample reaches the peak stress, the mesoscopic material elements with higher strength and stiffness in the
sample will also reach its maximum supporting limit, yielding failure and initiating plastic deformation. Therefore, the total
deformation in the sample will tend to uniform and then plastic deformation of the sample will also increase, which results
in distinct yielding platform in the macroscopic stress–strain curves nearby the peak stress. However, when the conﬁning
pressure reaches to TCP, the yielding failure takes place in all the mesoscopic material elements in the sample while the
macroscopic stress–strain response of the sample reaches the peak stress, which results in that the intact sample initiates
the plastic ﬂow.
3.2. Triaxial stress–strain curves of pre-cracked marble with different ﬂaw geometries
Fig. 9 shows typical triaxial stress–strain curves for pre-cracked coarse marble with different geometries of ﬂaws (Types
B–D), and Fig. 10 for pre-cracked medium marble with different geometries of ﬂaws (Types B–D). From Figs. 9 and 10, it is
very clear that the yielding stress and TCS of ﬂawed sample increase gradually with the conﬁning pressure but existing the
strength difference compared with intact sample, which will be analyzed in detail in the next section. Besides, the stress–
strain curve of ﬂawed samples shows an abrupt change of slope (see Figs. 9 and 10) under lower conﬁning pressures, coin-
cident with the propagation of wing cracks at the internal tips of two ﬂaws.
Tables 2 and 3 list the strength rS (the maximum axial supporting capacity, i.e., the maximum compressive stress), elas-
tic modulus ES (the slope of approximation linear part in the stress–strain curve) and failure strain  ec (the strain value at
rupture in terms of the stress–strain curve) of coarse and mediummarble with different ﬂaw geometries and conﬁning stres-
ses. The mechanical parameters are the average value of tested samples for each same conﬁning pressure. For the stress–
strain curves of ﬂawed sample with an abrupt change of slope, the linear phase before abrupt point were adopted to calculate
the elastic modulus as shown in Fig. 10(a) and (b).
The intact coarse marble samples failed at a strain of approximately 0.2–0.4% under different conﬁning pressure,
while the intact medium marble samples failed at a strain of approximately 0.3–0.8%, which were greater than that
of the intact coarse marble samples. Moreover we found that ec of intact sample increased linearly with increasing
r3, which had been proved in previous research on intact marble material by Yang et al., 2005a,b. However for ﬂawed
marble, the failure strain usually ranged from 0.2% to 1.4% and increased non-linearly with increasing r3 for the same
geometry of ﬂaw, which was signiﬁcantly dependent to pre-cracked coalescence in the ﬂawed sample under different
conﬁning pressures.
In uniaxial compression, for Type C, the ﬂaw angle a = 45 and ligament angle b = 61made the sample easier for a failure
surface through the ligament to produce the shear failure mode. The only two ﬂawed samples (Type C for coarse and med-
ium marble, respectively) failed at small strains (only 0.11–0.13% lesser than 0.2%) and was usually brittle (Figs. 9(b) and
10(b)). However, the two ﬂawed samples (Type B for coarse and mediummarble at r3 = 0 MPa, respectively) failed at a strain
of about 0.21% and 0.26%, which is approximately equal to that of intact sample. Expect for above four ﬂawed samples, the
failure strains of other ﬂawed samples were all greater than that of intact samples at the same conﬁning pressure. Under the
conﬁning pressure, the only ﬂawed sample (Type C for medium marble at r3 = 30 MPa) underwent brittle failure at a strain
of approximately 1.4% (Fig. 10(b)).
From Tables 2 and 3, it can also be concluded that the elastic moduli of ﬂawed sample are all smaller than that of intact
sample, which can be explained as follows. Due to the heterogeneity of rock material, the existence of ﬂaws in the sample
results in the increase of slipping interface, therefore the slippage of ﬂawed sample will also increase in the process of axial
compression, which reduces the elastic modulus of rock. Moreover, because the crack coalescence in the ﬂawed sample with
different geometries of ﬂaws vary greatly with the conﬁning pressure, the elastic modulus of ﬂawed sample has no quanti-
tative relation with the geometry of ﬂaw and conﬁning pressure.
In accordance with the tested data listed in Tables 2 and 3, generally, the strength and deformation behaviors of marble
sample are found depending not only on the ﬂaw geometry, but also on the conﬁning pressure. Compared with the intact
sample, the ﬂawed sample failed with lower strengths, smaller elastic moduli and larger failure strains, which is a better
agreement with the ﬁndings for model material with non-persistent joints by Prudencio and Van Sint Jan (2007). In the ﬁfth
section, we will make a detailed analysis for the mechanism of crack coalescence on the axial supporting capacity and defor-
mation property with different conﬁned stresses.
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Fig. 9. Typical triaxial stress–strain curves of pre-cracked coarse marble samples with different ﬂaw geometries (Types B–D).
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4.1. Strength behavior in accordance with Mohr–Coulomb criterion
The Mohr–Coulomb criterion is the simplest among numerous strength criteria that have been developed, which has been
extensively applied in rock engineering practice (Mohr, 1914; Jaeger and Cook, 1979; Brady and Brown, 1993; Zhao, 2000;
Palchik, 2006; Al-Ajmi and Zimmerman, 2006). This strength criterion states that the shear failure occurs when the shear
stress on a failure plane, overcomes both the cohesion and the internal friction force that opposes motion along the failure
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Fig. 10. Typical triaxial stress–strain curves of pre-cracked medium marble samples with different ﬂaw geometries (Types B–D).
S.Q. Yang et al. / International Journal of Solids and Structures 45 (2008) 4796–4819 4805plane, as shown in Fig. 11. It predicts that shear stress s increases linearly with the normal stress rn, which can be expressed
in the following forms.s ¼ C þ lrn
rn ¼ 0:5ðr1 þ r3Þ þ 0:5ðr1  r3Þ cos 2a
s ¼ 0:5ðr1  r3Þ sin 2a
8><
>: ð1Þ
Table 2
Strength, elastic modulus, and failure strain of coarse marble with different geometries of ﬂaws and conﬁning stresses
Geometry of ﬂaw r3/MPa ES/GPa ec/103 rS/MPa
Type A 0 45.54 2.082 69.83
10 49.34 2.602 109.4
20 50.64 3.071 129.3
30 53.61 3.917 154.4
Type B 0 18.26 2.066 31.2
10 29.41 3.568 82.2
20 17.48 10.33 121.6
30 16.38 14.00 150.7
Type C 0 19.78 1.050 17.2
10 16.07 7.546 90.4
20 13.06 12.22 122.3
30 18.43 10.94 154.5
Type D 0 20.29 6.320 36.6
10 12.98 9.428 91.8
20 18.92 7.325 126.4
30 16.78 12.73 155.3
Table 3
Strength, elastic modulus, and failure strain of medium marble with different geometries of ﬂaws and conﬁning stresses
Geometry of ﬂaw r3/MPa ES/GPa ec/103 rS/MPa
Type A 0 49.90 2.711 119.3
10 51.25 4.497 161.2
20 50.39 5.992 193.6
30 50.51 7.951 235.9
Type B 0 37.20 2.550 75.1
10 16.66 11.75 98.5
20 27.10 9.013 173.8
30 31.42 11.16 214.6
Type C 0 21.70 1.325 23.8
10 13.56 13.01 119.3
20 26.19 13.21 163.3
30 18.01 14.38 221.2
Type D 0 21.01 8.460 39.9
10 28.27 6.458 128.7
20 23.96 9.470 180.2
30 22.17 9.879 196.2
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Fig. 11. Strength behavior of intact coarse and mediummarble in accordance with Mohr–Coulomb criterion.s andh represent the experimental results. (R
is the correlation coefﬁcient of determination of the linear regression.)
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S.Q. Yang et al. / International Journal of Solids and Structures 45 (2008) 4796–4819 4807where C is the cohesion of rock, l is the internal friction coefﬁcient (l = tan/). / is the internal friction angle of rock.
The linear Mohr–Coulomb criterion Eq. (1) can also be expressed in terms of the maximum axial supporting capability rS
and the minimum principal stress r3 (i.e., conﬁning pressure):Fig. 12
theoretrS ¼ r0 þ qr3 ð2Þ
where r0 is usually regarded as UCS. The r0 and q are related to the cohesion C and the internal friction angle /, which can be
expressed in the following forms, respectively.r0 ¼ 2C cos/=ð1 sin/Þ ð3Þ
q ¼ ð1þ sin/Þ=ð1 sin/Þ ð4ÞIn accordance with Mohr–Coulomb criterion Eq. (2), the inﬂuence of conﬁning pressure on the maximum supporting
capability for intact marble sample are presented in Fig. 11. It is very clear that there are good linear regression coefﬁcients
of R = 0.990 and 0.985, respectively, for intact medium and coarse marble. From Fig. 11, we can see out that the intact coarse
and medium marble all takes on typical shear failure mode even though in uniaxial compression (see the failure mode as
shown in Fig. 11). Therefore, it can be believed that experimental results of intact sample have a smaller deviation from
the linear Mohr–Coulomb criterion, which testiﬁes that linear Mohr–Coulomb criterion is suitable for intact sample in this
research.
However, for ﬂawed marble samples, in accordance with Mohr–Coulomb criterion the inﬂuence of r3 on rS are presented
in Figs. 12 and 13, respectively, for coarse and medium marble. Even though with higher linear regression coefﬁcient
(R = 0.954–0.990) using the linear least square method, it is very clear that there is an obvious non-linear relation between
rS of ﬂawed sample and r3, and this will be analyzed in detail in the next section. Here, only strength behavior is analyzed in
terms of Mohr–Coulomb criterion.
In accordance with Figs. 12 and 13, it is clear that r0 ranges from 29.53 to 43.92 MPa for ﬂawed coarse marble, while from
36.51 to 66.43 for ﬂawed medium marble. However q is between 3.91 and 4.44 for ﬂawed coarse marble, but between 4.94
and 6.36 for ﬂawed mediummarble. The values of cohesion (C) and internal friction angle (/) calculated according to Eqs. (3)0
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Table 4
Strength parameters of intact and ﬂawed marbles in accordance with linear Mohr–Coulomb criterion
Marble type Geometry of ﬂaw UCS/MPa r0/MPa q C/MPa //() R
Coarse marble Type A 69.83 73.68 2.77 22.14 28.0 0.985
Type B 31.20 36.74 3.98 9.21 36.8 0.992
Type C 17.20 29.53 4.44 7.01 39.2 0.975
Type D 36.60 43.92 3.91 11.11 36.3 0.990
Medium marble Type A 119.3 120.33 3.60 31.71 34.4 0.990
Type B 75.01 66.43 4.94 14.94 41.6 0.980
Type C 23.83 36.51 6.36 7.24 46.7 0.985
Type D 39.87 58.18 5.20 12.76 42.6 0.954
4808 S.Q. Yang et al. / International Journal of Solids and Structures 45 (2008) 4796–4819and (4) for marble samples with four types of geometries of ﬂaws (Types A–D) are presented in Table 4. From Table 4, it can
be seen that the values of C range from 7.01 to 31.71 MPa, while the values of / are between 28.0 and 46.7. The above anal-
ysis shows that the values of C and / are signiﬁcantly dependent to the geometry of ﬂaw in the sample. Generally, for marble
with the same crystal size, the value of C of ﬂawed sample (Types B–D) is lower than that of intact sample (Type A), while the
value of / is higher than that of intact sample. The value of C of ﬂawed sample with Type C is lower than that with Type B or
D, but the value of / of ﬂaw sample with Type C is higher than that with Type B or D. Moreover from Figs. 12 and 13, we can
predict that there must be a limiting value of r3, beyond this limiting value, the strength of coarse and mediummarble sam-
ple may be independent of the geometry of ﬂaw.
4.2. Strength behavior in accordance with Hoek–Brown criterion
The Hoek–Brown criterion is an empirical strength criterion, which was originally derived from a lot of test data. Up to
now, the Hoek–Brown criterion has been applied widely to rock mechanics and engineering practice. The basic equation
Table 5
Strength parameters of intact and ﬂawed marbles in accordance with non-linear Hoek–Brown criterion
Marble type Geometry of ﬂaw rc/MPa m s a R
Coarse marble Type A 69.83 4.926 1.097 0.5 0.983
Type B 69.83 6.631 0.182 0.5 0.999
Type C 69.83 7.168 0.152 0.5 0.996
Type D 69.83 6.893 0.329 0.5 0.999
Medium marble Type A 119.3 7.164 0.986 0.5 0.983
Type B 119.3 8.474 0.185 0.5 0.967
Type C 119.3 9.743 0.000 0.5 0.992
Type D 119.3 7.513 0.216 0.5 0.963
S.Q. Yang et al. / International Journal of Solids and Structures 45 (2008) 4796–4819 4809describing the peak triaxial compressive strength of a wide range of isotropic rock materials can be written as Hoek and
Brown (1980, 1997).rS ¼ r3 þ ðmrcr3 þ sr2c Þ0:5 ð5Þ
where rc is UCS of intact rock material, m and s are all material parameters, which vary with rock type. The parameter m
reﬂects the soft and hard extent. While the parameter m is larger, the rock is harder. However, the parameter s reﬂects
the fractured extent ranging from 0 to 1. When the parameter s is closer to zero, the rock is more broken.
Figs. 12 and 13 shows the Hoek–Brown strength envelope for coarse and medium marble, respectively. At the
same time, linear Mohr–Coulomb criterion is also plotted in Figs. 12 and 13 in order to compare. It is very clear
for intact sample that there are almost no difference between Hoek–Brown criterion and Mohr–Coulomb criterion,
which can be seen from Fig. 12(d) and 13(d). However, the strength of ﬂawed sample (Types B–D) possesses distinct
non-linear behavior with increasing conﬁning pressure, which shows that non-linear Hoek–Brown criterion reﬂects
better the strength properties of ﬂawed sample than linear Mohr–Coulomb criterion. Therefore, for ﬂawed sample,
linear Mohr–Coulomb criterion predicts the rock strength higher than its actual value at lower conﬁning pressure
or higher conﬁning pressure, but predicts the rock strength lower than its actual value at intermediate conﬁning
pressure.
The Hoek–Brown strength parameters of coarse and medium marble with four types of geometries of ﬂaws are listed in
Table 5. Here, rc is the experimental average value of UCS of intact samples. As expected, it can be found that the value of s
for intact sample is approximately 1.0. But the values of m for intact sample are 4.926 and 7.164, respectively, for coarse
marble and medium marble. However, the value of s for ﬂawed sample ranges from 0–0.329, which is signiﬁcantly lower
than that of intact sample, but the value of m for ﬂawed sample ranging from 6.631–9.734 is slightly higher than that of
intact sample.
From Eqs. (2) and (5), it can be seen that there is no direct correlation between linear Mohr–Coulomb criterion and
non-linear Hoek–Brown criterion. In most of the geotechnical software, the strength parameters (C and /) of rock often
need to be provided when carrying out the numerical analysis, but determination of the values of C and / for a kind
of rock that has been evaluated as a Hoek–Brown material is a difﬁcult problem (Hoek and Brown, 1997). The tangent
method theory, which was put forward by Hoek (1990, 1997), can be used to conﬁrm approximately the equivalent C
and / of rock.
For a given conﬁning pressure r3, the tangent line of Eq. (5) is actually linear Mohr–Coulomb criterion Eq. (2). If Eq. (5) is
differentiated with respect to r3, the following equation can be obtained.orS
or3
¼ 1þ mrc
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mrcr3 þ sr2c
p ð6Þ
Thus in accordance with Eq. (4), Eq. (7) can be obtained.q ¼ 1þ sin/
1 sin/ ¼
orS
or3
¼ 1þ mrc
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mrcr3 þ sr2c
p ð7Þ
According to Eq. (7), the internal friction angle can be expressed in Hoek–Brown parameters m and s, i.e.,/ ¼ 2arctan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ mrc
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mrcr3 þ sr2c
p
s
 90 ð8ÞIf Eq. (5) is substituted into Eq. (2), Eq. (9) can be obtained.r0 ¼ 2C cos/1 sin/ ¼ ð1 qÞr3 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mrcr3 þ sr2c
q
ð9ÞTherefore, in accordance with Eqs. (7) and (9), the cohesion can be expressed in the following form.
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mrcr3þ2sr2cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mrcr3þsr2c
p
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ mrc
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mrcr3þsr2c
pq ð10Þ
According to Eqs. (8) and (10), C and / for a kind of rock that has been evaluated as a Hoek–Brownmaterial can be conﬁrmed.
It can be seen that the values of C and / are very sensitive to the range of values of r3 used to generate the simulated full-
scale triaxial test results. On basis of trial and error method, Hoek and Brown (1997) found that the most consistent results
can be approximately obtained in the range 0 < r3 < 0.25rc. Therefore, Eqs. (8) and (10) can be transferred into the following
forms by denoting r3 = krc (k = 0–0.25)./ ¼ 2arctan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ m
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kmþ sp
r
 90 ð11Þ
C ¼
ðkmþ2sÞrcﬃﬃﬃﬃﬃﬃﬃﬃ
kmþs
p
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ m
2
ﬃﬃﬃﬃﬃﬃﬃﬃ
kmþs
p
q ð12ÞFig. 14 shows the effect law ofm and s values on the relation between C, /, and conﬁning pressure r3 = krc. From Fig. 14, we
can conclude that the C and / of rock are actually the function of r3, in which, the C values increase with increasing r3, but
the / values decrease with increasing r3.
The effect of parameter m on the relation between the strength parameters and conﬁning pressure is shown in Fig. 14(a)
when s and rc equal to 0.5 and 80 MPa, respectively. From Fig. 14(a), it can be seen that, at the same conﬁning pressure, the /
values increase with the increasing of parameterm. Moreover, /–k curve becomes steeper with increasing parameterm. But
after k increases to a certain critical value, the /–k curve has a tendency to converge. With a greater parameter m, the C val-
ues are more sensitive to k.0
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Table 6
The cohesion and internal friction angle of intact and ﬂawed marbles based on the tangent method theory in accordance with Hoek–Brown parameters (Table
5)
Marble type Geometry of ﬂaw k = 0.06 k = 0.08 k = 0.10 k = 0.12 k = 0.14 k = 0.16
C/MPa //() C/MPa //() C/MPa //() C/MPa //() C/MPa //() C/MPa //()
Coarse marble Type A 21.15 30.7 21.49 30.1 21.84 29.6 22.19 29.1 22.54 28.7 22.89 28.2
Type B 7.62 43.3 8.41 41.5 9.17 40.0 9.90 38.8 10.61 37.7 11.29 36.7
Type C 7.10 44.5 7.95 42.7 8.76 41.1 9.54 39.8 10.29 38.7 11.01 37.7
Type D 9.80 41.8 10.50 40.4 11.19 39.1 11.86 38.0 12.52 37.0 13.16 36.2
Medium marble Type A 30.06 36.9 30.91 36.1 31.75 35.3 32.60 34.7 33.44 34.0 34.27 33.4
Type B 7.53 45.9 8.43 44.0 9.28 42.5 10.10 41.2 10.89 40.1 11.66 39.1
Type C 4.96 49.6 6.09 47.2 7.14 45.4 8.12 43.8 9.05 42.5 9.93 41.4
Type D 8.05 44.2 8.86 42.5 9.65 41.0 10.41 39.8 11.15 38.7 11.86 37.7
S.Q. Yang et al. / International Journal of Solids and Structures 45 (2008) 4796–4819 4811The effect of parameter s on the relation between the strength parameters and conﬁning pressure is shown in Fig. 14(b)
whenm and rc equal to 8 and 80 MPa, respectively. From Fig. 14(b), it can be seen that, at the same conﬁning pressure, the /
values increase with the decreasing of parameter s. Moreover, /–k curve becomes steeper with decreasing parameter s. But
after k increases to a certain critical value, the /–k curve has a tendency to converge. However at the same conﬁning pres-
sure, the C values increase with increasing values of the parameter s, moreover, the C–k curve becomes slower with increas-
ing parameter s.
Table 6 lists the cohesion and internal friction angle (k = 0.06, 0.08, 0.10, 0.12, 0.14, and 0.16) of coarse and medium mar-
ble, which are calculated based on the tangent method theory by Eqs. (11) and (12). Compared with the strength parameters
listed in Table 4, it can be seen out in Table 6, the friction angle (k = 0.16, i.e., r3 = 11.2 MPa) of coarse marble and the friction
angle (k = 0.10, i.e., r3 = 11.9 MPa) of medium marble are approximately the same for both the tangent and the line deter-
mined by linear Mohr–Coulomb regression analysis. The maximum discreteness of friction angle is only 4%. For intact sam-
ple, the cohesion calculated by tangent method theory has almost no any difference with that by linear Mohr–Coulomb
regression analysis of triaxial test data, for example, 22.89 MPa compared with 22.14 MPa for coarse marble and
31.75 MPa compared with 31.71 MPa for mediummarble. However, for ﬂawed coarse marble sample, the cohesion inter-
cept for the tangent is C = 11.01 MPa (Type C, k = 0.16) which is approximately 57% higher than that obtained by linear
regression analysis of triaxial test data. For ﬂawed medium marble sample, the cohesion intercept for the tangent is
C = 9.28 MPa (Type B, k = 0.10) which is approximately 61% lower than that obtained by linear regression analysis of triaxial
test data.
4.3. A new evaluation criterion based on optimal approximation polynomial theory
Based on the above tangent method theory, many cohesions and internal friction angles for a kind of rock that has been
evaluated as a Hoek–Brown material can be obtained by different r3 values. Therefore, when adopting the tangent method
theory to conﬁrm C and / values, the most critical step is the selection of the range of r3 values, but up to now, there are no
theoretically correct methods for choosing the range (Hoek and Brown, 1997). Moreover, the tangent method theory (see
Fig. 15) is actually to approximate Hoek–Brown criterion by many polygonal lines. Even though the approximate order is
very high, it is impossible to reduce the whole approximation error by tangent method theory. Therefore, in this section,
a new evaluation criterion for a kind of rock that has been evaluated as a Hoek–Brown material is put forward by adopting
optimal approximation polynomial theory in functional analysis, which can be used to conﬁrm more precisely the strength0
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Fig. 15. Tangent method theory, new evaluation criterion, and Hoek–Brown criterion.
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imation in a certain testing point but bad approximation on the whole.
Optimal approximation polynomial theory is described as follows (Rivlin, 1974, 1987). Let C[a,b] be the space of real-val-
ued continuous functions on the real interval [a,b]. We denote by Hn (Hn  C[a,b]) the space of algebraic polynomials of degree
at most n, i.e., Hn = span {1,x, . . . ,xn}. 1,x, . . . ,xn are a group of function set without linear correction. Element Pn(x) on Hn space
can be denoted as follows.
Pn(x)=a0 + a1x +    + anxn,a0,a1, . . . ,an are arbitrary real number.
We setTable 7
The coh
criterio
Marble
Coarse
Mediumkfk1 ¼max
x2½a;b	
jf ðxÞj; 8 f 2 C ½a;b	 ð13ÞP
nðxÞ 2 Hn is called a best approximation polynomial to f on the real interval [a,b], which makes P
nðxÞ satisﬁes the following
equation:Dðf ; PnÞ ¼ max
a6x6b
jf ðxÞ  P
nðxÞj ¼ minpn2Hn kf ðxÞ  PnðxÞk ð14ÞIn Eq. (14), such an P
nðxÞ always exists, and is, indeed, unique. When n = 1, P1(x)=a0 + a1x is called as optimal approxima-
tion ﬁrst equation. We can now state the famous Chebyshev Theorem (Rivlin, 1974).
P
nðxÞ 2 Hn is a best approximation polynomial to f 2 C[a,b] if, and only if, there exist n + 2 distinct points,
a 6 x1 < x2 <    < xn+2 6 b, for whichPðxkÞ  f ðxkÞ ¼ ð1ÞkkkPðxÞ  f ðxÞk1; k ¼ 1 k ¼ 1;2;3; . . . ;nþ 2 ð15Þ
The main themes of the Chebyshevian approach are existence, uniqueness and characterization of best approximations.
Based on the optimal approximation polynomial theory, a new evaluation criterion for a kind of rock that has been eval-
uated as a Hoek–Brown material is obtained to conﬁrm the cohesion and internal friction angle. That is to say, on the basis of
Hoek–Brown criterion (Eq. (5)), we need to calculate the optimal approximation ﬁrst equation P1 (r3)=r0+qr3 on the real
interval [0,30 MPa]. Here, r0 and q are given in Eqs. (3) and (4), respectively.
In accordance with Chebyshev Theorem (Eq. (15)), there exists three distinct points at least, 0 6 r31 < r32 < r33 6 30 MPa
when n = 1, for whichP1ðr3kÞ  f ðr3kÞ ¼ ð1ÞkkkPðr3Þ  f ðr3Þk1; k ¼ 1; k ¼ 1;2;3 ð16Þ
According to Eq. (5), i.e., f ðr3Þ ¼ r3 þ ðmrcr3 þ sr2c Þ0:5, we can getf 0ðr3Þ ¼ 1þ mrc
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mr3rc þ sr2c
p ð17Þ
From Eq. (17), it can be seen out that the function f0(r 3) is a monotonic function. Therefore the function f0(r3)q only has
single zero point on the open interval (0,30 MPa), which this zero point is denoted as r32. Thus, P1(r32)f0(r 32)=qf0(r32)=0,
i.e., f0(r 32)=q. Another two distinct points must be at the endpoint of the interval [0,30 MPa], i.e., r31 = 0 and r33 = 30 MPa.
Moreover, the following equation can be satisﬁed.P1ð0Þ  f ð0Þ ¼ P1ð30Þ  f ð30Þ ¼ ½P1ðr32Þ  f ðr32Þ	 ð18Þ
According to Eq. (18), we can obtain.r0 þ q 0 f ð0Þ ¼ r0 þ q 30 f ð30Þ
r0 þ q 0 f ð0Þ ¼ f ðr32Þ  ðr0 þ qr32Þ

ð19ÞSolving Eq. (19), Eq. (20) can be obtained.esion and internal friction angle of intact and ﬂawed marbles based on optimal approximation polynomial theory in accordance with Hoek–Brown
n (Table 5)
type Geometry of ﬂaw Optimal approximation ﬁrst equation r32/MPa Maximum deviation/MPa C/MPa //()
marble Type A 74.85 + 2.73r3 13.03 1.707 22.65 27.7
Type B 36.75 + 4.06r3 10.45 6.956 9.12 37.2
Type C 35.13 + 4.28r3 10.17 7.908 8.49 38.4
Type D 45.68 + 3.89r3 11.10 5.625 11.58 36.2
marble Type A 121.03 + 3.69r3 13.09 2.564 31.50 35.0
Type B 60.42 + 5.34r3 10.81 9.105 13.07 43.2
Type C 23.34 + 7.22r3 7.50 23.34 4.34 49.2
Type D 63.02 + 4.92r3 11.14 7.571 14.20 41.5
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Fig. 16. A new evaluation criterion to conﬁrm the cohesion and internal friction angle.
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r0 ¼ f ð0Þþf ðr32Þ2  f ð30Þf ð0Þ30 r322
(
ð20ÞThus, we get the optimal approximation ﬁrst equation P1(r3) in accordance with Eq. (20), and then by Eqs. (3) and (4), the
C and / values of rock can be conﬁrmed. The special geometrical signiﬁcance is shown in Fig. 15, in which the new evaluation
criterion line is parallel to the straight-line cd. The maximum deviation equals to the length of line segment ab.
According to the Hoek–Brown strength parameters listed in Table 5, the cohesion and internal friction angle of intact and
ﬂawed marbles are conﬁrmed in Table 7 based on above optimal approximation polynomial theory. Fig. 16 shows a typical
comparison between experimental result and several evaluation criteria. From Fig. 16, we can see that the cohesion given by
tangent method theory (k = 0.16) is obviously higher than that by other two kinds of linear envelopes. However, the cohesion
and internal friction angle conﬁrmed by new evaluation criterion has a slight difference with that by best ﬁt Mohr–Coulomb
envelope for triaxial test data (i.e., equivalent Mohr–Coulomb envelope, Soﬁanos and Nomikos, 2006). Therefore, the
strength parameters given by the new evaluation criterion in this research are more precise than that by tangent method
theory, which avoided the shortcoming of the tangent method theory, i.e., good approximation in a certain testing point
but bad approximation on the whole.
5. Failure mode of pre-cracked marble
In this research, all the tests were carried out at a strain rate of 2  105/s. For intact sample, the coarse and mediummar-
ble under different conﬁning pressures all lead to typical shear failure mode with a single fracture surface (Fig. 17) and the
fracture surface is very smooth, which results from the friction of macroscopic crack surfaces.
For ﬂawed samples (Types B–D), under uniaxial compression, we observed three typical failure modes (Fig. 18) of coarse
and medium marble in the test program: tensile mode, shear mode, and mixed mode (tensile and shear) with wing and sec-
ondary cracks, which are analyzed in detail as follows. (a) Tensile mode (Type B): wing crack initiates simultaneously from
internal tips of two ﬂawsr ands, but crack coalescence does not occur between ﬂawsr ands. The wing crack initiates
along the direction of the maximum principal stress, afterwards with the increase of axial deformation, the crack coalescence
indicates deviation and failure of crystalline grains in marble. In the end, the propagation and coalescence of cracks result in
unstable failure of a sample. However after the wing crack initiated from internal tip of ﬂaws propagates to the end surface
of sample, the reverse secondary crack at the internal tip of ﬂaw s is also observed. (b) Shear mode (Type C): wing crack
initiates simultaneously from internal tips of two ﬂaws r and s, and the crack coalescence only occurs between ﬂaws
r and s. The wing cracks initiated from internal tips of two ﬂaws r and s occur toward the middle part between two
ﬂaws; however this does not lead to a wider crack. When the two wing cracks coalescence and merge at the ligament part
between two ﬂaws, the macroscopic failure takes place in the sample, moreover the crack coalescence path is very smooth.
(c) Mixed mode (Type D): the sample fails by a combination of tensile and shear mode. Two kinds of cracks, wing cracks and
secondary cracks are all observed in the sample. After the sample ﬁrst initiates shear mode as the same as shown in
Fig. 18(b), with the increase of axial deformation, the sample begins to initiate secondary cracks at internal tips of two ﬂaws
r ands along the direction of the maximum principal compression stress. The coalescence path of secondary cracks is very
rough due to the inﬂuence of crystal grains in marble. From mentioned above, the failure mode of samples are found to de-
pend obviously on the geometry of ﬂaw.
4814 S.Q. Yang et al. / International Journal of Solids and Structures 45 (2008) 4796–4819Fig. 19 shows the effect of the geometry of ﬂaw on the axial deviatoric stress of marble in uniaxial compression and the
failure mode corresponds to Fig. 18. For Type B, the sample comes out a small phase of yielding platform nearby peak stress,
which results from the following explanation. The wing crack at internal tips of ﬂaws initiates and propagates along the max-
imum principal stress when the sample is loaded to 0.7rS. Marble is a kind of typically crystalline material. The transmis-
sion speed of crystal grains on the force and their deformation are different in the sample, which results in a zigzag path of
crack coalescence. When the sample is loaded to up to rS, the slippage of pre-existing ﬂaws and the propagation of wing
cracks lead to the process that inhomogeneous stress ﬁeld in the sample comes to adjust gradually. The macroscopic man-
ifestation of adjusting is to initiate the plastic ﬂow nearby peak stress. For Type C, the sample comes into being the shear
mode (Fig. 18(b)). The sample can not support completely when axial supporting capacity of the sample drops rapidly to zero
after peak strength of 17.2 MPa. However for Type D (Fig. 18(c)), the difference compared with Type C, the axial supporting
capacity of the sample does not drop to zero after the ﬁrst larger strength of 18.7 MPa. For the moment, the axial supporting
capacity of the sample is about 3.0 MPa and corresponding axial strain is 1.34  103, rock sample is located on the self-
locking state. Afterwards, with the increase of axial deformation, the wing crack surface takes place the occlusion and the
axial supporting capacity begins to increase slowly. While due to obvious damage of inner supporting structure in the sam-
ple, the reloading elastic modulus (10.54 GPa) is distinctly lower than ﬁrst elastic modulus (20.29 GPa), however the sam-
ple can support higher axial stress (i.e., 36.6 MPa), which is 1.96 time of the ﬁrst larger strength (18.7 MPa). Therefore in
uniaxial compression, the peak strength of rock sample has a close relation with the geometry of ﬂaw, which is signiﬁcantly
dependent on the crack coalescence at internal tips of two ﬂaws.
The failure modes of ﬂawed marble samples at lower conﬁning pressures (r3 = 10 MPa) are approximately the same as
those shown in Fig. 18. Fig. 20 gives the failure mode of ﬂawed sample (Type C) under lower conﬁning pressure of
10 MPa. The sample takes also on typical shear mode, which is similar to that shown in Fig. 18(b). The wing crack initiates
from internal tips of two ﬂawsr ands, and the crack coalescence only occurs through the ligament part between ﬂawsr
ands. The secondary crack is also observed at internal tip of ﬂawr in the mediummarble. Compared with the failure mode
at r3 = 0 MPa, the wing crack at r3 = 10 MPa is closer due to the role of conﬁning stress; moreover the crack coalescence path
is rougher. The initiation and propagation of wing cracks at internal tips of ﬂaws result in an abrupt change of slope in stress–
strain curve (Fig. 9(b)).(a) Coarse marble 
Type A 
3 10MPa
Type A 
3 30MPa
Type A 
Shear plane 
Type A 
3 0MPa 
(b) Medium marble 
Type A 
3 15MPa
Type A 
3 30MPa 
Type A 
Shear plane 
Type A 
3 0MPa 
Fig. 17. Failure modes of intact coarse and medium marble samples (Type A) under different conﬁning pressures.
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Fig. 18. Typical failure modes of ﬂawed samples with three types of geometries (Types B–D) under uniaxial compression.
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Fig. 19. Effect of geometry of ﬂaw on the axial principal stress of marble in uniaxial compression.
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nal tips of ﬂaws for uniaxial or lower conﬁning pressures but disappear under higher conﬁning pressure (Fig. 21). Fig. 21(a)
shows the failure mode of the sample at r3 = 20 MPa. The sample exhibits typical shear mode penetrating directly pre-exist-
ing ﬂawr. Fig. 21(b) shows failure modes of the sample at r3 = 30 MPa. The sample takes on the drum shape. Although no
obvious wing cracks and secondary cracks are observed between ﬂawsr ands, some slippage traces can be seen from the
surface of sample.
Fig. 22 shows the effect of ﬂaw geometry on the axial deviatoric stress of coarse marble under higher conﬁning pres-
sure of 30 MPa and the failure mode corresponds to Fig. 21(b). Under uniform hydrostatic pressure, pre-existing ﬂaws in
the sample close completely and do not occur to slip with the increase of loading. Thus less stress concentration ﬁelds is
initiated at internal tips of two ﬂaws, which results in no obvious wing cracks and secondary cracks. From Fig. 22, we
Type C 
Wing crack
(a) Coarse marble
Type C 
Secondary crack
Wing crack
(b) Medium marble 
Fig. 20. Typical failure modes of ﬂaw samples (Type C) under lower conﬁning pressure of 10 MPa.
Type C 
(a) 3 20MPa
Type B Type C Type D 
(b) 3 30MPa
Fig. 21. Failure modes of coarse marble samples with three kinds of ﬂaw geometries (Types B–D) under higher conﬁning pressure of 20 and 30 MPa.
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Fig. 22. Effect of the geometry of ﬂaw on the axial deviatoric stress of coarse marble under higher conﬁning pressure.
4816 S.Q. Yang et al. / International Journal of Solids and Structures 45 (2008) 4796–4819can see out that the elastic modulus of ﬂawed samples with three types of geometries of ﬂaws has a small difference,
which the maximum deviation is only 2 GPa. After the sample goes into the yielding ﬂow, the difference of axial sup-
porting capacity between intact sample and ﬂawed sample is approximately same, which shows that the supporting
capacity of coarse marble sample is only related to the conﬁning pressure but almost no relation with ﬂaw geometry
at r3 = 30 MPa. The supporting capacity by friction among crystal grains determines the strength behavior of coarse mar-
ble under higher conﬁning pressure. The coarse marble sample can support higher axial stress macroscopically by fric-
Type B Type C Type D 
Secondary crack
Wing crack Wing crack 
Wing crack 
Shear failure 
Fig. 23. Failure modes of medium marble samples with three types of ﬂaw geometries (Types B–D) at r3 = 30 MPa.
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Fig. 24. Effect of geometry of ﬂaw on the axial deviatoric stress of medium marble under higher conﬁning pressure.
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under higher conﬁning pressure.
For medium marble with different geometries of ﬂaws (Types B–D), the wing cracks and secondary cracks were also ob-
served under higher conﬁning pressure (r3 = 30 MPa) (Fig. 23), but they are different compared with those under uniaxial
compression shown in Fig. 18. For Type B, the wing crack initiates from internal tips of two ﬂawsr ands. At the same time,
the secondary crack is also observed at internal tip of ﬂaws in the mediummarble, which propagates ﬁrstly along the direc-
tion of axial stress and then deviates toward ﬂaw r. Moreover from the coalescence path of wing crack, we can conclude
that the interaction between ﬂawsr ands is very intensive due to the effect of conﬁning pressure. For Type C, the sample
takes on typical shear failure mode, which is the same as that in uniaxial compression. But the crack coalescence path is a
zigzag. During the test of the sample, a loud sound can be heard and the sample takes place the brittle rupture. However, for
Type D, the sample takes on the drum and double-layered failure surface. The wing crack is only observed at the internal tip
of ﬂaw r.
Fig. 24 shows the effect of geometry of ﬂaw on the axial deviatoric stress of mediummarble at r3 = 30 MPa and the failure
mode corresponds to Fig. 23. The elastic modulus of ﬂawed samples with three kinds of geometries of ﬂaws differs greatly
from one to another. From Figs. 23,24, the failure mode and deformation behavior of medium marble are dependent to the
crack coalescence in the sample even though at r3 = 30 MPa. The stable coalescence of cracks in the sample (Type B) leads to
the slow reduction of stress–strain curve after peak stress, but a zigzag failure of the sample (Type C) leads to the abrupt drop
of stress–strain curve after peak stress. However ﬁnal double-layered failure surface in the sample (Type D) shows the pro-
cess that the internal material yields and softens gradually during the axial loading, which results in the two slight stress-
drop behaviors of stress–strain curve after the peak stress.
In accordance with the effect of the geometry of ﬂaw on the axial deviatoric stress of coarse marble at r3 = 30 MPa in
Fig. 22, we can believe that for the conﬁning pressure larger than 30 MPa, the strength of the samples of coarse marble does
not change with the presence of ﬂaws. Thus it is quite possible that for r3 larger than a certain critical value, the axial stress–
axial strain behavior of medium marble with different types of geometries of ﬂaws (Types B–D) will be similar to that of
coarse marble in Fig. 22. Moreover, this certain critical r3 value may depend on the geometry of ﬂaw. Beyond the certain
4818 S.Q. Yang et al. / International Journal of Solids and Structures 45 (2008) 4796–4819critical r3 value, the wing cracks and secondary cracks may not be observed at the internal tips of two ﬂaws, which will be
able to result in that the cohesion and internal friction angle of marble sample is independent of the ﬂaw geometry. How-
ever, because the maximum conﬁning pressure of testing system is limited and only 40 MPa, we can not carry out triaxial
tests for medium marble sample under the conﬁning pressures larger than 40 MPa, which will be further investigated for
pre-cracked medium marble in the future.
6. Conclusions
An experimental investigation on the strength behavior, propagation and coalescence of fractures in coarse and medium
marble under conventional triaxial compression was performed. On the basis of the experimental results of pre-crackedmar-
ble samples in this paper, the following conclusions can be drawn.
Compared with intact sample, the ﬂawed sample fail with lower strengths, smaller elastic moduli and larger failure
strains. The stress–strain curve of ﬂawed sample shows an abrupt change of slope under lower conﬁning pressures, coinci-
dent with the propagation of wing cracks at the internal ﬂaw tips. Peak strain of intact sample without ﬂaw increases linearly
with the increase of conﬁning pressure. But for ﬂawed samples, the failure strain usually ranges from 0.2 to 1.4% and in-
creases non-linearly with increasing r3 for the same geometry of ﬂaw. The failure strain is signiﬁcantly inﬂuenced by
pre-cracked coalescence in the ﬂawed sample under different conﬁning pressures.
The peak strength is found depending not only on the geometry of ﬂaw, but also on the conﬁning pressure. The applica-
bility of linear Mohr–Coulomb and non-linear Hoek–Brown criterion is evaluated for intact and ﬂawed samples. For intact
sample, there is almost no difference between non-linear Hoek–Brown criterion and linear Mohr–Coulomb criterion. How-
ever, the strength of ﬂawed sample shows distinct non-linear behavior, which is in a better agreement with Hoek–Brown
criterion than Mohr–Coulomb criterion. Moreover, for ﬂawed sample, linear Mohr–Coulomb criterion predicts a higher
strength than its actual value at lower conﬁning pressure and higher conﬁning pressure, but a lower strength than its actual
value at intermediate conﬁning pressure.
In the range of tested conﬁning pressure (0–30 MPa) for ﬂawed samples, the values of cohesion and internal friction angle
are signiﬁcantly dependent to the geometry of ﬂaw in the sample. For the marble with the same crystal size, the value of
cohesion of ﬂawed sample is lower than that of intact sample, while the value of internal friction angle is higher than that
of intact sample. In order to conﬁrm more precisely the strength parameters (cohesion and internal friction angle), a new
evaluation criterion for a kind of rock that has been evaluated as a Hoek–Brown material is put forward by adopting optimal
approximation polynomial theory, which can avoid the shortage of tangent method theory that has good approximation in a
certain testing point but bad approximation on the whole.
For intact marble sample (Type A), typical shear failure mode with a single fracture surface under different conﬁning pres-
sures is observed, while for ﬂawed sample (Types B–D), under uniaxial compression and lower conﬁning pressures
(r3 = 10 MPa), tests for coarse and medium marble exhibit three basic failure modes, i.e., tensile mode, shear mode, and
mixed mode. Shear mode is associated with lower strength behavior. However, under higher conﬁning pressures
(r3 = 30 MPa), for coarse marble, the axial supporting capacity is not related to the geometry of ﬂaw and the friction among
crystal grains determines the strength behavior of coarse marble, and no obvious wing cracks and secondary cracks are ob-
served between two ﬂaws; for medium marble, the failure mode and deformation behavior are dependent on the crack coa-
lescence in the sample, and the coalescence of wing cracks and secondary cracks are all observed.
In this paper, the marble with four different types of geometries of ﬂaws are carried out conventional triaxial compression
experiment by ﬁxing the ﬂaw length and ligament length in the sample and pre-existing only two ﬂaws. Nevertheless, the
lengths and the numbers of ﬂaws in a sample will all affect the strength behaviors and crack coalescence modes. Therefore,
further experimental veriﬁcation of the above presented conclusions will still be reinforced for other kinds of rocks and other
types of geometries of ﬂaws. Laboratory tests are being conducted to investigate the effects of rock type with other types of
geometries of ﬂaws. Finally, it is useful to notice that the time-dependency (creep) behavior of rock is quite important
according to relation stages included under conventional triaxial experiments (Xie and Shao, 2006; Yang et al., 2006). There-
fore taking into account the long-term stability of jointed rock engineering, triaxial compression creep tests for pre-cracked
rock will be investigated in the future.
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